We investigate the quantum entanglement content of quasi-particle excitations in extended manybody systems. We show that such excitations give an additive contribution to the bi-partite von Neumann and Rényi entanglement entropies that takes a simple, universal form. It is largely independent of the momenta and masses of the excitations, and of the geometry, dimension and connectedness of the entanglement region. The result has a natural quantum information theoretic interpretation as the entanglement of a state where each quasi-particle is associated with two qubits representing their presence within and without the entanglement region, taking into account quantum (in)distinguishability. This applies to any excited state composed of finite numbers of quasi-particles with finite De Broglie wavelengths or finite intrinsic correlation length. We derive this result analytically in one-dimensional massive bosonic and fermionic free field theories and for simple setups in higher dimensions. We provide numerical evidence for the harmonic chain and the two-dimensional harmonic lattice in all regimes where excitations have quasi-particle properties. Finally, we provide supporting calculations for integrable spin chain models and other situations without particle production. Our results point to new possibilities for creating entangled states using many-body quantum systems.
Introduction.-Measures of entanglement, such as the entanglement entropy (EE) [1] and entanglement negativity [2] [3] [4] [5] [6] [7] , have attracted much attention in recent years, both theoretically [8] [9] [10] and experimentally [11, 12] . Quantum entanglement encodes correlations between degrees of freedom associated to independent factors of the Hilbert space, and as such, it separates quantum correlations from the particularities of observables. As a consequence, the entanglement in extended systems encodes, in a natural fashion, universal properties of the state. For instance, at criticality, the entanglement of ground states provides an efficient measure of universal properties of quantum phase transitions, such as the (effective) central change of the corresponding conformal field theory (CFT) and the primary operator content [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] . Near criticality, it is universally controlled by the masses of excitations [23] [24] [25] . In states that are highly excited, with finite energy densities, the entanglement is known to give rise to local thermalisation effects: this is at the heart of the eigenstate thermalisation hypothesis [26] [27] [28] [29] [30] , as the large entanglement between local degrees of freedom and the rest of the system effectively generates a Gibbs ensemble (in the case of integrable systems, a generalized Gibbs ensemble). The entanglement effects of a finite number of excitations are less known. Some results are available in critical systems: using the methods of Holzhey, Larsen and Wilczek [14] , combining a geometric description with Riemann uniformization techniques in CFT it was shown in [31, 32] that certain excitations, with energies tending to zero in the large volume limit, correct the ground state entanglement by power laws in the ratio of length scales. Various few-particle states have also been studied in special cases of integrable spin chains [33] [34] [35] [36] [37] .
In this paper we propose a universal formula, with a simple quantum information theoretic interpretation, for the entanglement content of states with well-defined quasi-particle excitations. For this purpose, we study a variety of extended systems of different dimensions. We consider the von Neumann and Rényi EEs: these are measures of the amount of quantum entanglement, in a pure quantum state, between the degrees of freedom associated to two sets of independent observables whose union is complete on the Hilbert space. We use the setup where the Hilbert space is factorised as H A ⊗H B , according to two complementary spatial regions A and B, of typical length scales A and B , respectively (for dimensions higher than one, we can think of these as the diameters of the regions under consideration). The regions can be of generic geometry and connectedness. Quasiparticle excitations arise naturally in massive quantum field theory (QFT), where irreducible representations of the Poincaré group are identified with relativistic particles. We first consider excited states of the massive free real boson and free Majorana fermion models, formed of finite numbers k of particles, at various momenta. We use techniques based on form factors of branch point twist fields in 1+1 dimensions as introduced in [23] , and dimensional reduction methods [38] to access simple entanglement regions in higher dimensions. More generally, excitations in the harmonic chain and in higher-dimensional harmonic lattices can be interpreted as being composed of quasi-particles whenever the correlation length ξ is small enough, ξ min( A , B ), or the maximal De Broglie wavelength of the particles ζ = max{2π/| p i |}, where p i are the particles' momenta, is small enough, ζ min( A , B ). This includes the large-momenta region of the chain's or lattice's CFT regime (beyond the applicability of the results of [31, 32] ), as well as the nonuniversal regime, beyond QFT and CFT. We then study the harmonic chain and two-dimensional lattice numerically. Quasi-particles also arise naturally in Bethe ansatz integrable models, where the conditions ξ min( A , B ) and ζ min( A , B ) can be given precise meanings. We study few-particle excitations in generic states of the Bethe form. In this case, the calculation is elementary, and complements some of the calculations done in [33] . Zamolodchikov's ideas underpinning the thermodynamic Bethe ansatz [39, 40] in fact suggest that the same calculation should also give the correct answer in massive integrable QFT, thus including the effects of interactions. In all cases, we find a universal result in the limit min(ξ, ζ) min( A , B ), independent of the model studied, of the connectedness or shape of the entanglement region, and of the dimension. The result extends the "semiclassical" form discussed in the context of spin chains in [33] . It has a very natural qubit interpretation where qubits representing the particles are entangled according to the particles' distribution in space, taking into account quantum indistinguishability in the bosonic case. The qubit interpretation indicates that quasi-particle excitations in many-body models may provide a simple way of generating entangled states with easily adjustable parameters. Results.-Consider a bi-partition of a system C = A ∪ B in state |Ψ composed of a number k of quasiparticles. In infinite volume, the notion of quasi-particles is very natural via the theory of scattering states [41, 42] , and one expects that in finite but large volumes there are corresponding excited states, unambiguously defined up to exponentially decaying corrections in the volume. We define the reduced density matrix associated to subsystem A as ρ A = Tr B (|Ψ Ψ|). The Rényi EE is the Rényi entropy of this reduced density matrix,
From (1) we may compute the von Neumann EE as S For large system size and fixed entanglement region, one expects the entanglement entropies to tend to those of the ground state. We therefore concentrate on the nontrivial limit where both the full system C and the entanglement region A are large, scaled simultaneously, A → λA and B → λB. Let r = Vol d (A)/Vol d (C) be the ratio of the d-dimensional hypervolume of the region to that of the system. We compute the difference ∆S
between the Rényi entropy in the excited state |Ψ and in the ground (vacuum) state |0 , in this limit,
This is the contribution of the excitations to the entanglement, or "excess entanglement" as named in [31, 32] . We find that for a wide variety of quantum systems, the results depend only on the proportion r of the system's volume occupied by the entanglement region, and are largely independent of the momenta of the quasiparticles. Suppose the state is formed of k particles of equal momenta. Denoting ∆S
with f 
In particular, for k particles of distinct momenta the result is k times that for a single particle, which is
We observe that in all cases, the entanglement is maximal at r = 1/2. For k distinct-momenta particles, the maximum is k log 2, while when some particles have coinciding momenta, the maximal value is smaller. Interestingly, single-copy entropies present non-analytic features. For distinct momenta, we have
Again, the result is just multiplied by k for a state consisting of k distinct-momentum particles. For equal momenta it is a function which is non-differentiable at k points in the interval r ∈ (0, 1) (generalizing (6) ). The positions of these cusps are given by the values
and the single copy entropy is given by
and q = 0, . . . , k.
The results take their full meaning under a quantum information theoretic interpretation that combines a "semiclassical" picture of particles with quantum indistinguishability. Consider a bi-partite Hilbert space
for k i indistinguishable qubits, with, as above, i k i = k. We associate H int with the interior of the region A and H ext with its exterior, and we identify the qubit state 1 with the presence of a particle and 0 with its absence. We construct the state |Ψ qb ∈ H under the picture according to which equal-momenta particles are indistinguishable, and a particle can lie anywhere in the full volume of the system with flat probability. That is, any given particle has probability r of lying within A, and 1−r of lying outside of it. We make a linear combination of qubit states following this picture, with coefficients that are square roots of the total probability of a given qubit configuration, taking proper care of (in)distinguishability. For instance, for a single particle,
as either the particle is in the region, with probability r, or outside of it, with probability 1 − r. If two particles of coinciding momenta are present, then we have
as either the two particles are in the region, with probability r 2 , or one is in the region and one outside of it (no matter which one), with probability 2r(1 − r), or both are outside the region, with probability (1 − r)
2 . For two particles of different momenta,
counting the various ways two distinct particles can be distributed inside or outside the region. Higher-particle states can be constructed similarly. The results stated above are then equivalent to the identification ∆S
Methods.-In general, the quantity ∆S Ψ n can be computed using the replica method [13, 14] . In this context, one evaluates traces of powers of the reduced density matrix ρ A . After reinterpretation of such traces, this boils down to ratios of expectation values of a twist operator, acting on a replica model composed of n independent copies of the original theory. The operator T(A, B) acts as a cyclic permutation of the copies i → i + 1 mod n on H A , and as the identity on H B , and (2) is expressed as
where |0 n is the vacuum state. Both |0 n and the state |Ψ n have the structure
Here |Ψ i |Ψ is the k-particle excited state of interest, implemented in the ith copy.
In one dimension, A is in general a union of segments. Then, T(A, B) is expressed as a product of branch-point twist fields [23] , supported on the boundary points of these segments. Branch point twist fields are twist fields associated to the cyclic permutation, a symmetry of the replica model. Let us consider the case A = [0, ] in a system of length L. Then T(A, B) = T (0)T ( ), where T is the branch point twist field andT is its hermitian conjugate. Expression (13) may be used by expanding two-point functions of branch-point twist fields in the basis |Φ of quasi-particles,
where P Φ are the momentum eigenvalues (in finite volume, they are quantised, and the set of states is discrete).
Using (13) with (15) in integrable 1+1-dimensional QFT presents however a number of challenges. Via an extension of the form factor program [46, 47] , matrix elements of branch-point twist fields in infinite volume are known exactly [23] , and have been used successfully in the vacuum. But they cannot be used in order to evaluate the limit L → ∞ in (13) , as in excited states, divergencies occur in the expansion (15) whenever momenta of intermediate particles in |Φ coincide with momenta of particles in the state |Ψ n . One must first evaluate finitevolume matrix elements, re-sum the series (15), and then take the limit. Finite-volume matrix elements of ordinary local fields in integrable QFT have been studied recently [48, 49] . They are simply related to infinite-volume matrix elements up to exponentially decaying terms in L. They are evaluated at momenta that are quantised according to the Bethe-Yang equations based on the twoparticle scattering matrix of the integrable model. But for twist fields, the theory has not been developed yet. In particular, the twist properties affect the quantisation condition of the individual momenta of the quasiparticles. We have solved these problems for the massive free real boson and the massive free Majorana fermion in periodic space. By performing the summation over intermediate states at large L, noting that the so-called "kinematic singularities" of infinite-volume matrix elements provide the leading contribution, we have derived the full results (3) and (4). The details are technical, and presented in a separate paper [50] .
The qubit interpretation presented earlier suggests that our results need not be restricted to one-dimensional QFT. To test this claim, we performed a numerical evaluation of the quantity ∆S Ψ n (r) in the harmonic chain and the two-dimensional harmonic lattice. We present some of our results in FIG. 2 and in the supplementary material (SM). We used wave-functional methods in order to represent the state |Ψ . In the finite-volume Klein-Gordon theory, the vacuum wave functional takes the form
where
Excited state wave functionals are obtained by applying the operator
(where E p = p 2 + m 2 ) with the representation of the canonical momentum ( x) = −iδ/δϕ( x) satisfying [ϕ( x), ( y)] = iδ( x− y). This generates factors which are polynomial functionals of ϕ( x). The operator T(A, B) is easily implemented on the space of field configurations. The ratio (13) then becomes a Gaussian average of polynomial functionals of the fields. Discretising space to a finite lattice spacing ∆x modifies the dispersion relation to
Numerical results in the one-dimensional case are discussed in more detail in [50] , where both QFT and non-universal parameter regimes are seen to agree with our predictions, for connected and disconnected regions. We concentrate here on the two-dimensional periodic square lattice on
We choose a set of subregions
for values of r = 2 /L 2 ranging between 0 and 1. In order to establish the validity of the requirements on the correlation length ξ and the De Broglie wavelength ζ, we explore two distinct regimes: that of small ξ but large ζ, and that of small ζ but large ξ, in both cases looking at two-particle states with equal and with distinct rapidities. We find excellent agreement with formulae (4) for ∆S (3) and (4). We have explored other shapes of the region A, obtaining similar accuracy, and have analysed regimes where both ξ and ζ are small, finding even greater accuracy. We have also analysed the breaking of formulae (3) and (4) away from their regime of validity. The approach to the maximum log 2 in the case of a single particle with r = 1/2 (this maximal value is supported by general arguments [34] ) is shown in FIG. 2 , where the correlation length is varied; we observe an algebraic approach at large mL.
For particular choices of the region A, it is possible to show analytically the results (3) (4) (5) (6) (7) (8) in the massive KleinGordon and Majorana models of any higher dimension, by dimensional reduction [38] . Consider the slab-like re-
Klein-Gordon fields ϕ( x, t) and ( x, t) construct
and similarly forˆ (x 1 , t) in terms of ( x, t). One observes thatφ(x, t) andˆ (x, t) are canonically normalised one-dimensional Klein-Gordon fields, and that the dimensional reduction map preserves the vacuum [38] . It also preserves the many-particle states when all momenta point in the x 1 direction: with p = (p, 0, . . . , 0) the expression (17) gives
. Therefore, the quantity n Ψ|T(λA, λB)|Ψ n in d dimensions, is proportional to n Ψ |T (0)T ( )|Ψ n in 1 dimension. The singularity as → 0 is dimension dependent, but in the ratio (13), this cancels out, and there is exact equality. See [50] for more details. This analysis extends to other quasi-onedimensional configurations.
Finally, we establish that our results hold beyond free theories. We analyse the quantity ∆S Ψ n (r) in interacting states of the Bethe ansatz form. Previous analyses exist [33, 37] , which however concentrated on less universal regimes. In the ferromagnetic Heisenberg chain, twoparticle states with respect to the ferromagnetic vacuum have the simple form x,y∈Z e ipx+iqy S sgn(x−y) (p, q)| ↑ · · · ↓ x · · · ↑ · · · ↓ y · · · ↑ , where S (p, q) is the Bethe ansatz scattering matrix. As in the context of the thermodynamic Bethe ansatz formalism of integrable QFT [39, 40] , for the purpose of evaluating large-distance quantities these are abstract states representing twoparticle asymptotic states, with S (p, q) the two-body scattering matrix of the field theory. States of the Bethe ansatz form thus are expected to provide large-distance results of great generality in integrable models. We have analysed such one-and two-particle states, and found that formulae (3) and (4) hold, see the SM. There is no need to fix the momenta via the Bethe ansatz; with equal momenta S 2 n (r) is indeed reproduced, extending previous results. Bound states of the Heisenberg chains (Bethe strings) have been studied [33] ; these have an intrinsic length scale ξ (inversely proportional to the bounding energy), and one can see that in the regimes discussed above, S 1 n (r) is indeed reproduced.
Discussion.-It is remarkable that the entanglement of a wide variety of many-body quantum systems admits such a simple and universal "qubit" interpretation. This combines a semiclassical picture of localised particles controlled by correlation lengths and De Broglie wavelengths, with the quantum effect of (in)distinguishability. The applicability of equations (3-8) to higher dimensions is particularly significant, showing that a large amount of geometric information is irrelevant. Their application to QFT is also interesting: QFT locality is formally based on the vanishing of space-like commutation relations, not on particles, yet our results show how quantum entanglement clearly "sees" localised particles. The results hold beyond the QFT regime, as we checked in quantum harmonic lattices and in Bethe ansatz excitations of quantum spin chains. Going beyond integrability, the results are fully expected to hold when no particle production occurs, for instance in QFT one-particle states, and twoparticle states below the particle production threshold. In fact, any one-and two-particle excitations of Betheansatz form will have EE described by (3)- (8), such as in spin-preserving quantum chains, integrable or not. The relation (12) also suggests that quasi-particle excitations in extended systems of any dimension can be used to create simple entangled states with controllable entanglement, where the control parameter is the region-tosystem volume ratio r. It would be interesting to investigate the possible applications of such a result in the area of quantum information.
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In this section we present a derivation of the nth Rényi entropy for a one-magnon state and the 2nd Rényi entropy of a two-magnon state in a generic gapped quantum spin-1 2 chain of length L. There is some overlap with calculations presented in the appendices of [33] but the focus is slightly different here. An obvious example would be the XXZ model in the gapped regime but other models can also be included, as long as their excited states can be represented as
and
for a two-particle excited state. The states |j and |j 1 j 2 represent tensor product states where all spins are up, except the spin at position j or the spins at positions j 1 , j 2 , respectively. The normalization N of the two-particle excited state will be discussed below. In our computations we will consider a bi-partition such that spins {1, . . . , } ∈ A and spins { + 1, . . . , L} ∈ B
The choice of the spins is relevant in the computations below as it determines the value of the scattering phases (21) . However, it is easy to show that this choice is not essential. That is, the results would be identical in the regions A and B are not simply-connected. Finally we note that we will use the notation
to denote the dimensionless ratio of length scales in the problem.
One-Magnon State
Consider the state (19) . The basic states are normalized as j 1 |j 2 = δ j1j2 and therefore the state above has norm 1. We would like to compute the Rényi entropy of region A for the state |Ψ . This computation is actually very simple and the results have been presented for instance in [36] . Let us first compute the reduced density matrix
This is
where |0 represents the vacuum state. To compute the Rényi entropy we need to take the n-th power of the matrix above and then the trace thereof. When doing so the two contributions do not mix so we can write:
The first term is
The second term is simply
Which gives the known formula for the entanglement of a single excitation:
Note that if the ground state is factorizable (as in the XXZ gapped chain) and therefore has zero entropy the result gives us the entanglement of the excited state directly. Note that all functions (29) have a maximum for r = 1 2
including the limits n → 1 and n → ∞ ( see FIG. 1 ). The fact that one-particle excitations contribute log 2 to the entanglement entropy was studied in detail in [34] where it was shown to be case even for a non-integrable spin chain model.
Two-Magnon State
The effect of the presence of non-trivial interaction can be explored by considering a two-magnon state such as (20) .
State Normalization
We will start by fixing the normalization of the state, N . The norm is
where p 12 := p 1 − p 2 and j 12 := j 1 − j 2 . Using the definition of the S-matrix we have that we can rewrite the sum as
Thus,
This same formula was given also in one of the appendices in [33] . Clearly, for L large and p 12 = 0, the second contribution is sub-leading so that
Computation of the Reduced Density Matrix
We now need to proceed as for the first example. First we compute the reduce density matrix
The only non-vanishing contributions to this trace come from those terms were either all indices are in A, all are in B or two indices are in A and two indices are in B. This gives the following six contributions:
Noting that
and grouping all four last terms together by relabelling the summation indices, the reduced density matrix simplifies to:
In the last sum all S-matrices have one index in region A and the other in region B so we can use the S-matrix definition to simplify the expression. Applying the δ-functions we can write,
where we introduced the matrices
2nd Rényi Entropy
To compute the second Rényi entropy we must compute the square of the expression above and then take the trace over subspace A. It is easy to show that the only contributions to the trace will come from the squaring each of the three terms above separately, so we can ignore cross-terms that will vanish under the trace.
For the first term squaring and taking the trace gives
where, in the first equality, we used the fact that
Employing the explicit form of the S-matrices, the expression can be greatly simplified and factorizes as
The sum over the S-matrices can be computed by for instance splitting it into the contribution with k 1 > k 2 and the contribution with k 1 < k 2 . For example
Thus, the full contribution to the 2nd Rényi entropy (up to normalization of the state) is given by
Clearly, for L, large and p 12 = 0 and considering (34) the leading contribution to the entanglement entropy is
It is easy to show that the contribution to the 2nd Rényi entropy of the the second term in (39) is identical to the above, with the replacement → L − . That is,
for L, large and p 12 = 0 the leading contribution is
Let us now consider then the third term ρ
A . After computing the square and then the trace over subspace A and noting that
we find
Expanding the product and simplifying we end up with the sum
This is equal to 
For , L large and p 12 = 0 the first term in the sum is leading so the leading contribution to the Rényi entropy is
Putting the contributions (48), (50) and (55) together we find that the 2nd Rényi entropy of a two-magnon state for large volume and region size is, as expected. 
that is, as expected, twice the entropy of a single excitation. Crucially, for large volume, the result is independent of the scattering matrix.
Equal Momenta
Although in many cases (such as the XXZ chain) the momenta of the magnons is required to be distinct, it is possible to consider spin chains with bosonic statistics, so that p 12 = 0 is allowed. In such cases the formulae of the previous section can still be used, but the terms involving trigonometric functions, which were negligible at large volume, are no-longer so. Indeed, they now become of the same order as the leading terms and it is a simple calculation to show that:
and lim p12→0
Tr A ((ρ Chain   FIG. 3 . Left. The figure shows the approach to the value log 2 of the 2nd Rényi entropy of a single excitation in a 1D harmonic chain. For large enough volume mL we see linear behaviour with positive slope, meaning that the leading correction is of the form β/L α for some β and α. Right. The figure shows a selection of the points on the first figure which are well fitted by the linear fit −0.613 + 1.974 log(mL) also shown. The fit changes slightly depending on which points are selected. The behaviour strongly suggests (negative) finite-size corrections of order 1/(mL)
2 .
the next-to-leading order corrections to the maximal entanglement of an excitation, as they display similar features as in two dimensions ( see FIG. 2 ). An interesting feature of the results above is that the leading corrections to saturation of the entanglement is of order 1/(mL) 2 . From form factor calculations in QFT one would expect a leading correction of order 1/(mL) [50] and it would be interesting to investigate whether or not this correction is also vanishing in QFT. The behaviour above is very similar to what we have found for the harmonic lattice. In that case our data are a bit more limited as we do not have access to extremely large surfaces but, as seen in FIG. 2 they also point towards a 1/L α with α > 1 negative correction to the maximal entanglement of a one-particle state.
